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Motivation

Sampling and reconstruction in every day life:
@ Surfing the internet A
o Taking pictures A

@ Listening to music

www.clker.com, www.flaticon.com, clipart-library.com
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Fluorescence Microscopy
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Figure: Schematic representation of fluorescence microscope
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e
Spaces

@ Sampling space:

S=3span{wy:keN} and Sy =span{wx: k=1,...,N}
@ Linear measurements:

my = (f,wk), keN
@ Reconstruction space:

R =span{px:keN}and Ry =span{px:k=1,...,M}

(a) Walsh functions (b) Daubechies 4 wavelet

Figure: Reconstruction and Sampling function
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Reconstruction Methods [ESISEel:3

Change of basis matrix

Notation:

uir ... Uim

u=| = - : with ujj = (wi, j
uni® ... Unm b <”SOJ>

We denote with
UtNMI = Py UPY

the part of the matrix of the first N columns and M rows and with

o = [an,...,an] and m™ = [my,... . mp]" .
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Reconstruction Methods Linear Reconstruction Methods

Reconstruction Methods

Desired properties:
@ Accuracy,
o Stability and

@ Sometimes consistency.
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Linear Reconstruction Methods
Generalized Sampling and the PBDW-method

One calculates the least sqare solution of the following linear equation for
alMl ¢ RM.

UM NI QM) _ )V,

where m(F)IN = (m(f)1,...,m(f)n) €e RV, The solution is given by

M
Gum(f) =) aipi.

i=1

For the PBDW-method the solution is tweaked to be consistent, i.e.

Dnm(f) = Gum(f) + Psy (f) = Psy, (Gum(f)).
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Linear Reconstruction Methods
Subspace Angle

The quality of both methods depends highly on the subspace angle

1
COS(OJ(RMa’SN)) - RMv”‘PH 1 ” SNSO” m7

The condition number x for both methods is

K(R[\/[,SN) = /’L(RMsz)

and they are optimal up to u(Rum,Sn)-
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Reconstruction Methods Non-linear Reconstruction Methods

Non-linear Reconstruction Methods

Use the sparsity of the signal and subsampling = Compressed sensing
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Reconstruction Methods Non-linear Reconstruction Methods

Non-linear Reconstruction Methods

Use the sparsity of the signal and subsampling = Compressed sensing
Solve £1 minimization problem:

mll(n |||l subject to ||PoUa — mq|2 < 6,
el

where Q is the sampling pattern and mgq the samples with the index in €.

7
(a) I\:)rm balls (b) Norm balls

Figure: Intuition for norm choices

Laura Thesing Sampling from binary measurements 28 October 2020 10 / 32



Non-linear Reconstruction Methods
Classic CS to Structured CS

Classic CS
@ Chooses €2 to be fully random
@ Does not use the additional structure

@ Needs incoherence of the reconstruction matrix

Structured CS

@ Takes the special sparsity structure of the signal into account

@ Resolves the high coherence in the first elements with more samples
in this area and fewer samples later

@ Needs to be adapted to application type
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Reconstruction Methods Non-linear Reconstruction Methods

Recovery Guarantees

Need to ensure that the reconstruction is guaranteed:

@ Linear methods: relationship number of samples N to number of
coefficients M
— Stable sampling rate (SSR)

@ Non-linear methods: Choice of the sampling pattern Q2 and the
maximal sampling bandwidth N with the balancing property
— Non-uniform recovery guarantees
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AUEIVSEE Sampling and Reconstruction Spaces

Walsh functions

The generalized Walsh
functions in L2([0,1]) are
given by

WaI(S,X) = (—]_)Zisz(5i+5i+1)x_,'_1'

with s = ¥z 527 with
si€{0,1} and x = ¥z x;2'71
with x; € {0,1}.

Figure: The first 32 Walsh functions
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Sampling and Reconstruction Spaces
Wavelets

For some mother wavelet 1) we get the Wavelet space

W = {zpj,k(x) = 2y(Px—k), k=0,...,2 —1,je Z}.

Figure: Daubechies 4 wavelet
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S e b
Sparsity Structure

Natural data is not only sparse in the representation space but sparse in
levels.

@ The number of non-zero coefficients decreases in higher levels

@ The largest coefficients exist in lower levels

@ Large values because of discontinuities repeat themselves in all levels
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Figure: Sparsity structure for smooth and discontinuous signal
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S e b
Sparsity Structure

Definition (Adcock et al.)

The set of (s, M)- sparse vectors is Y m with
Ay = Supp(X) n {Mk—l +1,..., Mk} )
satisfies |Ag| < sk for all k =1,...,r. The approximation error is

osm(x) = min |[x =7z,
nex.

s,M
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Reconstruction Matrix
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(a) Walsh samples and Haar Wavelets  (b) Walsh samples and boundary Wavelets
of order 2

Figure: Change of basis matrix U
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Intuition

A=A . 1] 11
e :: U

730 0.2 0.4 0.6 0.8 1 730 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Cancelation by (b) No cancelation (c) Cancelation by high
highlevel wavelet sequency Walsh function

Figure: Intuition for reconstruction matrix structure
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Level structure and the ordering for the sampling bands

20 . .
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Figure: Reconstruction matrix and potential wavelet coefficients
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Multilevel sampling scheme

Definition (Adcock et al.)
The sampling set
Q:QNymZQlu...UQr.

is the MLS with samples chosen at random in each level

QkC{Nk_1+1,...,Nk}, |Qk|=mk, k:1,...,r.
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Recovery Guarantees

Linearity of the Stable Sampling Rate

Theorem (Hansen, T.)

Let M =29 with some R € N the amount of reconstructed coefficients,

then there exists for all 6 € (1,00) a constant Sy such that for all amount
of samples with

N >29Rs,
we have
1(Rum,Sn) < 0.
y
Sampling from binary measurements
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Recovery Guarantees

Non-uniform recovery results in 1D

Theorem (Hansen, T.)

Let Q = Qpn m be a multilevel sampling scheme such that the following
holds:

N > M? -logy(Cr).
@ Foreachk=1,...,r,

mi 2 log(e™!) log (C2) (Zr: 2kl|/25/)

=1

Then with probability exceeding 1 — se, any minimizer o € ¢*(N) satisfies

lloe=x|]2 < c- (5(1 +G/s) + 057M(f)) .

v

Laura Thesing Sampling from binary measurements 28 October 2020 22 /32



Recovery Guarantees

Non-uniform recovery results in 1D

Theorem (Hansen, T.)

Let Q = Qpn m be a multilevel sampling scheme such that the following
holds:

N 2 M? - log,(Cy).
@ Foreachk=1,...,r,

mi 2 log(e™!) log (C2) (Zr: 2k/|/25/)

=1

Then with probability exceeding 1 — se, any minimizer o € ¢*(N) satisfies

lloe=x|]2 < c- (5(1 +G/s) + 057M(f)) .

v

Laura Thesing Sampling from binary measurements 28 October 2020 22 /32



Recovery Guarantees
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Stable Sampling Rate
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Figure: Stable sampling rate for # = 2 and reconstruction matrix
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Numerical Experiments

Linear Reconstruction
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Figure: Reconstruction with Daubechies 8 Wavelets and the inverse Walsh.
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Numerical Experiments

Linear Reconstruction
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Figure: Linear reconstruction with db8 and dim Ry, = 64.
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Numerical Experiments

Fourier Experiment
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Figure: Fourier measurements with Haar wavelets reconstructoin and dim Ry = 32

Laura Thesing Sampling from binary measurements 28 October 2020 26 / 32



Sampling Pattern
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(c) N=2%°

Figure: Sampling pattern with |m| = 256, the samples are taken in the black area.
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Numerical Experiments

Non-linear Reconstruction
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Figure: Number of samples |m| = 256, Wavelet of order p = 4
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Numerical Experiments

Non-linear Reconstruction
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Figure: CS reconstruction with N =25, |m| = 64 and TW reconstruction.
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Impact of Sampling Bandwidth
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Figure: CS and truncated Walsh series error values with |m| = 64 for f and
|m| = 256 for g. The x-axis represents the sampling bandwidth N = 2% and the
y-axis the relative error term in the ¢, norm.
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Sampling under SSR and Flip Test
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Figure: GS below SSR with M =512 and (a) CS reconstruction
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(b) Flipped sampling pattern
Figure: Flip test with N =28 and |m| = 64
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Thank you for your attention!
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