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@ General optimization problems



General optimization problems

)r(réi)r} F(Kx) + G(x) J

o Examples
- Denoising
min(x) s.t. [[x —y|2 < & miny(x) s.t. [[x —y|1 <e
X X

- Deconvolution
min(x) s.t. |[hxx—y|2<e
X

- ODT [1]
min [|x[|Tv s.t. [|[@x —y[2 <e,x = 0,x0 =0

[1] A. Gonzélez, L. Jacques, C. De Vleeschouwer, and P. Antoine, Compressive optical deflectometric
tomography: A constrained total-variation minimization approach. To appear in Inverse Problems and Imaging
Journal, 2014, preprint, arXiv:1209.0654.



@ Iterative algorithms



lterative algorithms

mingex F(x) + G(Kx) ) Minex: 2z F(X)+G(2) s.t. Kx = z|

Forward-Backward Splitting [2]

Alternating Direction Method of

Multipliers (ADMM) [2,3]

yt) = x(0) _ AK*V G (Kx(*))

XKD = prox, £ (y(<+D) x(kH1) = proxK - (2(K) — y(K))
2(k+1) = prox, o (Kx(k+1) 4 y(k))
ykt) = y(k) 4 Kx(kt1) — Z(k+1)

One parameter to adjust: \

Proximal Operators [2]: proxK; z = arg min, Af(x) + 1[|Kx — 2|2

[2] P. L. Combettes and J. C. Pesquet. Proximal splitting methods in signal processing. Fixed-Point
Algorithms for Inverse Problems in Science and Engineering, 185-212. 2011.

[3] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed optimization and statistical learning
via the alternating direction method of multipliers. Foundations and Trends®in Machine Learning, 3(1), 2011.



lterative algorithms

min F(Kx) + G(x) J
Chambolle-Pock (CP) [4] Primal-Dual Hybrid Gradient (PDHG) [5]
y ) = prox, . (YK + oKx(K) xk+D) = prox_(x() — 7K*y(k))
x(k+1) = prox,. G(x(k) TK*y(k+1)) )_((k+1) = 2x(k+1) — x(k)
x(k+1)  — y(k+1) + 19( (k+1) X(k)) y(k—&-l) = prox, g (y(k) 4 CTK)_((k'H))

Two parameters to adjust: o, 7

[4] A. Chambolle and T. Pock. A first-order primal-dual algorithm for convex problems with applications to
imaging. Journal of Mathematical Imaging and Vision 40(1), 120-145. 2011

[5] Zhu, M., and Chan, T.F., An Efficient Primal-Dual Hybrid Gradient Algorithm for Total Variation Image
Restoration, UCLA CAM Report [08-34], May 2008.



© Step-size selection using ski-rental problem



Ski-rental problem

Online strategy for choosing between paying a repeated cost versus paying a
one-time cost to perform a task.

Buy the skis Optimal day d to buy the skis in order
¢ to minimize the cost:
(d-1) d:/\;sarenting . C
v d=min<—,D
[ n s

. D is unknown
D daysskiing

Break-even strategy

sd=C = d:£
s

[6] A. Aghazadeh, A. Ayremlou, D.D. Calderén, T. Goldstein, R. Patel, D. Vats, R.G. Baraniuk. Adaptive
step-size selection for optimization via the ski rental problem. ICASSP 2013.



Step-size selection using ski-rental problem

Optimal schedule for updating the step-size. l

@ Renting: d iterations using the original step-size

e Buying: C+ (1 — F)d < updating cost plus the amount of iterations after
the step-size update, for some F € (0,1)

Break-even strategy

d=C+(1-F)d = d:%iterations

[6] A. Aghazadeh, A. Ayremlou, D.D. Calderén, T. Goldstein, R. Patel, D. Vats, R.G. Baraniuk. Adaptive
step-size selection for optimization via the ski rental problem. ICASSP 2013.



Step-size selection using ski-rental problem

Initialize F=0.1;t >0;,v=2,C=3; k=0; r=2¢
1:rnn=r k=k+1; B:%
: Compute algorithm with current stepsize (t)
{x, r} = Algorithm(x, t)
1

I'= logyo(r/ro)

. if k = B then Update the stepsize

t'=[t/y t t]

{x1, n} = Algorithm(x, t;)

{x2, n} = Algorithm(x, t})

{x3, 3} = Algorithm(x, t;)

i=argmin;rj; lo=1;1= —bgml(n/r); F=1- %; k =0;

X=X;; r=ry;t=t

. Stop is the residual is small enough
if (r > ) then break




@ Step-size selection using residuals balancing



Primal-Dual Residuals

Dual problem

)r(gi)r} F(Kx) + G(x) max —F*(y) — G*(—K"y)

Primal problem

yey

Saddle point problem

K G(x) — F*
iy mere LS+ €l — )

Residuals

Primal residual Dual residual
P(x,y) :== 0G(x) + K"y D(x,y) := 0F*(y) — Kx

P and D must tend to zero!!

[3] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed optimization and statistical learning
via the alternating direction method of multipliers. Foundations and Trends®in Machine Learning, 3(1), 2011.
[7] T. Goldstein, Esser E., and R. Baraniuk, Adaptive primal-dual hybrid gradient methods for saddle-point
problems, preprint, arXiv:1305.0546v1 (2013).



Optimality conditions CP algorithm

o CP algorithm
y kD = prox, . (yK) 4+ oKx(K))

x(k+D) = prox_o(x() — 7K*y(k+1))
x(k+1)  — x(k+1) + ﬁ(x(k"'l) _ x(k))
3
ytD) = argmin, o F*(2) + ||z — y® + oK (x((1 + 9) — 9x(k—D))|12
x(k+1) = argmin, 7G(z) + %Hz —x(F) — rK*y(k+1)|12

@ Optimality Conditions

0 € oaF*(y D) + y D — yl) — oK (x®(1 + 9) — vx(71)
0 € TG (xFV)Y 4 x(kH1) _ x(k) 4 7 K*y(k+D)



Optimality conditions CP algorithm

o Optimality Conditions
0 € gOF* () + yk — y) — oK (x)(1 4 ) — 9x<D)
0 € TG (xkFV)) 4 x(kH1) _ x(k) 4 7 K*y(k+D)

U
%(y(k) _ y(k+1)) + K((l + 19)x(k) _ 19x(k_1) _ X(k+1)) c a,:*(y(k+1)) _ KX(’<+1)

%(x(k) _ X(k+1)) c aG(X(k+1)) + K*y(k+1)

@ Residuals

D(x,y) = 0F*(y) — Kx
P(x,y) = 0G(x) + K"y

P(k+1) _ ( (k) _ x(k+1))
DHD) = 1 (y() _ y(k+1) 1 k(14 9)x®) — 9xk—D) _ x(k+D)




Step-size selection CP algorithm

Tradeoff between the primal and dual residuals

7 — P then 7 big = Fast primal minimization but slow dual minimization
o0 — D then o big = Fast dual minimization but slow primal minimization
Idea: choose stepsizes so that the larger P*) and D™ are as small as possible.

| A

Residual balancing

Assuming P%) /D) decrease /increase monotonically with 7, then
max{P®), D)} is minimized when
IPX, = D],

7 and o are chosen to “balance” the primal and dual residuals.

The scaling parameter ¢ depends on the dynamics (dyn) of the problem input.
Suggestion [2]: ¢ = 255/dyn.

[3] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed optimization and statistical learning
via the alternating direction method of multipliers. Foundations and Trends®in Machine Learning, 3(1), 2011.
[7] T. Goldstein, Esser E., and R. Baraniuk, Adaptive primal-dual hybrid gradient methods for saddle-point
problems, preprint, arXiv:1305.0546v1 (2013).



Step-size selection CP algorithm

Initialize 7'(1),(7(1) = m; at) = 0.5; n =095 A=15

1: Compute CP iterations using (k) (k)
2: Compute the ¢1-norm of the Primal and Dual Residuals

p=[PY d=D¥];
3: Update parameters:

if (p > cAd) then
k1) — (k) (1 — oK)

else if (p < cAd) then
rlktl) = 7(K) /(1 — oK),  olktD) = o(K)(1 — ofK))

else
k1) — (k). Glktl) = 5(K).  Q(k+1) — (k)

o) — 60 /(1 — oK)): kD) — (k)

alktD) — o0y,

4: Stop if the algorithm is stable:
if (p < Th)&&(d < Th) then break



© Numerical examples



Sparse regression problem using FBS - Ski-rental problem

y=Kx+n

— Adaptivd]
- K € R100x1000 random Gaussian matrix

——Optimal

- x € R1000 30_sparse random vector
- n€ R0 p~ N(0,1079)

log(Residuals)
<

min zof[x]|1 + 31|Kx — |3 4 ‘ ‘ ‘
x 0 100 200 300 400

Iteration

f1 = 10; tope = 0.0015

[6] A. Aghazadeh, A. Ayremlou, D.D. Calderén, T. Goldstein, R. Patel, D. Vats, R.G. Baraniuk. Adaptive
step-size selection for optimization via the ski rental problem. ICASSP 2013.



TV-Denoising using CP - Residual balancing

y=Xx-+n

2
x € R?%": cameraman € [0, 255]

- neR®% 5 ~ N(0,100)

10 T T T T T T
= = = Adaptive
A == Constant:0.9/|[|K|||
Constantt, 0,
s “Yfina Uinal
o e

10 .
= »
= 3
<
2 k)
2 Fy
g 0 Y,
s -
E S
3 XN
= ~.

10°

~een
S
10'2 L L L L L L
[ 200 400 600 800 1000 1200

iterations

min x| rv st 3x — y[3 < =

- Adaptive: [o, 7] = ﬁ — [0, T]final

- Constant: 0,7 = ﬁ
- Constant: ofina = 2.09; Tfna = 0.049

8

10 T T T T T T
= = = Adaptive
== Constant:0.9/|||K]||
10° Constant:tg 0
=
g 10°
b=}
7]
3
4
g w0
10°
10'2 L L L L L L
0 200 400 600 800 1000 1200
iterations

4 times less iterations!!



ODT using CP - Residual balancing

|| Primal Residual ||1

y=®x+n

_ & — DF ¢ ((360%307)x256

x € R®%. bundle of fibers € [0, 0.012]

2
n € R¥®, n; ~ N(0,1078)
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